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STUDIES IN TANDEM MIRROR THEORY

ABSTRACT

This paper discusses the formation, maintenance, and
microstability of thermal barriers, which have been introduced
as a means for improving tandem mirror reactor performance at
reduced technological demands. It also describes calculations
of tandem mirror central-cell S limits due to MHD ballooning
modes.

1. THERMAL BARRIERS
1.1 Introduction

Thermal barriers (TB's) [1] are intended to improve the
performance and reduce the technology requirements of a tandem
mirror (TM) fusion device. Theoretically, they also generate
ion velocity and space distributions that are stable to the
loss-cone instabilities common to mirror machines. Making use
of the TB concept requires only modification of conventional
TM designs and does not require new components or technolo-
gies. Although the basic principles of barriers have ante-
cedents in a variety of mirror experiments, tests of their
feasibility await experiments now under construction at
Lawrence Livermore National Laboratory (LLNL) and elsewhere.

Calculations show [2] that a T™ reactor would require
central-cell ion and electron temperatures T, = Tgc = 40
keV and a plugging potential seen by the central cell
9. ~100 kV. When the distribution of electrons along the
magnetic field is described by a Boltzmann distribution, these
imply a ratio of plug-to-central cell demsity np/nc ~ 9, in
turn implying high magnetic fields and injection energies for
the plugs. Using auxiliary electron heating to increase
9. « Tec is most effective only when Tec/Tc is increased
(otherwise, the central-cell confinement parameter
nt, ~7 x 1010 Tg/z (9./T.) exp(9./Tc) increases only as
Tg?Z), and large increases in the ratio Tg./T. are precluded
by ion~electron coupling in the central cell.

The essential idea of thermal barriers is to raise the
electron temperature in the potential peak T,y relative to
Tee and T., since ¢, scales approximately witﬁ Tep- Because
in a conventional TM the central-cell electrons pass through
the plugs, their power transfer with those trapped in the plugs
is sufficient to prevent establishment of a significant temper-
ature difference in spite of intense plug-electron heating. As
seen from the central cell, a thermal barrier is a negative dip
in potential before the positive peak of the plugging poten-
tial. It restricts the flow of low-energy electrons from the
central cell to the potential peak, thereby reducing their
thermal coupling and allowing an increase in Tep with aux-
iliary heating. This negative dip in potential is created by




maintaining a relative minimum in ion density, just as the
potential peak is generated by a relative ion-density maximum.
Two experiments are under construction at LLNL incorpo-
rating TB's. Their designs differ in the combination of the
barrier/plug configuration and the additional requirement of
magnetohydrodynamic (MHD) flute-interchange stability (see
Fig. la). Both employ regions of high-pressure plasma in
quadrupole-stabilized mirrors to anchor the central cells.
The T conversion of the Mirror Fusion Test Facility (MFTF),
MFTF-B, splits these functions by providing the MHD anchor and

the barrier/plug in two successive mirror cells at each end of
the central cell, respectively, a yin-yang and a fan-shaped
mirror region called an A-cell., The TMX upgrade combines
these functions into a single minimum-B mirror cell at each
end, superficially like a conventional TM, but neutral beams
are injected differently.

1.2 Barrier formation

The TMX upgrade end cell is an elongated, quadrupole-
stabilized mirror machine having a [-enhanced mirror ratio
~4, and the axial B profile as shown in Fig. 1lb, in which the
central cell lies to the left. (In the MFTF-B, the axial B
profile in the A-cell is similar, although the yin-yang cell
and its pressure peak for MHD stability would like to the
left.) 1Ions are injected either normal to B at B/Bp ~ 2, or
at 45° to B at the midplane. Such injection causes a peaking
in the ion density at the turning points in what is termed a
sloshing-ion distribution having two maxima, or lobes. Col-
lisional relaxation of this double-peaked density profile is
prevented by removing ions scattering to large pitch angles by
charge exchange on the injected beams, supplemented as neces-
sary by axially injected "pump beams." Pump beams, injected
into the loss cone of the mirrors, remove trapped ions by
charge exchange, converting them into passing ions, thereby
reducing departures from the injection profile. Sample Fokker-
Planck-~determined profiles are given in Sec. 1l.3.

The flow of ions entering the mirror from the central
cell is throttled by the first mirror, expands in the de-
creasing magnetic field, and finally is reflected by the
potential ¢, described below. To the left of -point b in
Fig. 1b, the potential and density satisfy Boltzmamn's rela-
tion, so that this decreasing density, together with the den-
sity depression in the sloshing-ion profile, generates a bar-
rier between the outer lobe of density and the inner-lobe-
central-cell region. When electrons trapped in the outer lobe
are heated by local application of electron cyclotron resonance
heating (ECRH), Tep and the outer lobe potential will rise
to generate the ¢ profile shown in Fig. 1lb. The potential
peak at point p forms the final plug as seen by the central
cell. Energetic, anisotropic electrons that are magnetically
trapped and result in part from the heating in the outer lobe
and in part from a second ECRH frequency tuned to the midplane




electron gyrofrequency will depress the thermal electron
density at the barrier midplane np* below the ion density

npe.

b Two important results have been obtained by Cohen et al.
[3]. The potential ¢p + 9. adjusts so that the net parti-

cle flux between locally trapped and passing electrons nearly
vanishes, matching only that injected by ionization of neutral
beams. For parameters of interest, they find

¢E * ¢b = Tep In [(hpln: Tec/TeP)1/2] ’ @
or
9 =T, In[(np/b:)(Tec/Tep)Uz] - T ln(nc/n:) (2)

For sufficiently low nﬁ and large Tep/Tec, the required ¢
can be generated by an ion density nj, even less than n..
For the power transfer they found [3]

P =-n (T
e p e

b Tel) Tp‘l (1 + g(R)/2R) , (3)

where T, = ¥7/4 T g(R) £ exp(£) when £ = (gp + ¢c)/Tep 2 2,

and Tg 1s the electron-electron scattering time, and g(R) = 1;
for R >>1, g(R) = Wln [(W + 1)/(W - 1)] with w = (1 + R"1)1/
Equating this power to the ECRH power applied to the outer lobe
determines Tgy,.

Detailed variation of ¢(z) is determined from charge neu-
trality. When densities are calculated from model distribution
functions having discontinuities, discontinuous potential pro-
files can result. However, distributions that model properly
smooth Fokker—-Planck solutions yield continuous profiles, such
as that shown in Sec. 1.3.

Studies of the energetics of this configuration show that
the large reduction in ion density required to sustain ¢., com-
pared to a TM without barriers, results in saving more power
than is expended in maintaining the barrier profiles, including
the pumping and ECRH [5].

1.3 Fokker-Planck solutions
The sloshing-ion end cell distributions described in the

preceding section have been obtained by numerical integration
of a bounce-averaged Fokker-Planck equation of the form
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where V 1} and Vxp are the ionization and charge-exchange
rates, and Sb(z,v) is the ion source shape associated with

the bth neutral beam. Wells of arbitrary shape, even in z,
are allowed. 1Ion density profiles nj(z) are calculated from
the solution f, which is a function of constants of the bounce
motion; and assuming Maxwellian electrons, we find the ambi-~
polar profile from

%) = 9(0) + T, fafn; () /n; (@] (5)

where "0" refers to the midplane. Ion density profiles nj(z)
peaked off midplane similarly generate potentials peaked off
midplane. In this symmetric model, these potentials are not
asymmetric as shown in Fig. 2a; rather, by proper choice of
Te, both sides have the higher peak of the figure.

We find that sloshing-ion distributions result over a wide
range of system parameters, if injection is localized at a mag-
netic field >1.3 times the midplane field and charge-exchange
removal of ions scattering out of the injection profile is suf-
ficient. A profile generated in a mirror ratio well of Ry =
by injection normal to B at B(inj) = 2.5 Bp is shown in Fig.
2a; a similar profile would result for injection at 8(inj) =
409 at the midplane. For normal injection away from the
midplane, charge-exchange pumping requires a second beam in-
jected at small pitch angle; for angled injection at the mid-
plane, charge exchange on the beam usually suffices. For the
example in Fig. 2a, the averaged ratio of charge exchange to
ionization was Ngy/fijon = 1/2. Similar distributions were
obtained for Ry varying from 3 to 6.5, 6(inj) from 40° to 65°,
ncx/nlon from 1/2 to 6/7, and electron temperature injec-
tion energy from 0.0l (drag-dominated) to 0.5 (no drag). Dis-
tribution functions for MFTF-B and TMX upgrade parameters will
have much more low energy component, corresponding to a passing
ion density roughly equal to the sloshing ion density. In some
cases, f is nearly monotonic in v,.

1.4 Microstability of the sloshing-ion distribution

The non-Maxwellian distributions characteristic of
sloshing ions in the end cells are far more stable to familiar
mirror loss-cone-type instabilities than those having the den-~
sity maximum at the field minimum. The passing and barely
trapped ions partially fill the low-v, region below the peak of
the sloshing ions. We employ the model



n V2 v2
1 1 1
£ (v ) = —= exp (- —5
L E'vz 2v2 2v2
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+— exp |~ — ’ (6)
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where {/ is a positive integer, and the parameters /, v%,
V%, and M are adjusted to best fit the Fokker-Planck
results. For Fig. 2b, take £ = 4, v] = vy, and M = 0.9,

We calculate stability to loss—cone modes using a differ-
ential equation along B that treats variation across B in an
eikonal approximation [b]. Previous results found the DCLC
mode at w = Q.; (midplane) to be stabilized by a warm-plasma
density fraction =5% at the midplane. For the sloshing-ion
barrier plugs described, the passing ions (low v, in Fig. 2b)
exceed this fraction for all parameters of interest. The only
remaning modes found are higher harmonic, shorter wavelength
modes [7] that can localize in the outer density lobe in Fig.
1b. For stability these require more filling of the low-v
distribution, i ~ 0.5 in Eq. (6), corresponding to a passing
ion density roughly equal to the trapped ion density, as in
MFTF-B and TMX upgrade.

A second drive for instability lies in the streaming-ion
character of the vy-distribution, which we model by drifting
Maxwellians having temperature Tj|| and drift energy Eg4rift-

To analyze this stability, we treat the electrons adiabatic-
ally, allowing for a fraction 7, of anisotropic electrons
having To; and T, and treat ions allowing finite k pj,
although generally k;P; > >1 is most severe. Absolute modes
having Rew= 0 require max D(kj, k;) =0, generating the sta-
bility boundary shown in Fig. 3. The percentages in Fig. 3
show fractions 7, for MFTF-B parameters. Introduction of hot
electrons to enhance the barrier effect by reducing ng

in Eq. (2) is destabilizing and would place at least an upper
bound on this hot-electron fraction. For the same reason, we
expect the barrier midplane, where the hot electron density is
maximum, to be the most susceptible to these modes.

Modes having Rew# 0 are being examined by a Nyquist anal-
ysis. However, these are expected to place less severe con-
straints than those with Rew= 0.

Alfvén waves, which otherwise might be unstable when
up > Vo (the Alfvén speed), are stabilized by the presence
of the hot, mirror-trapped electron anisotropy (v, - v%").
The shear and compressional Alfven modes, respectively, are
given by

2 _ .22 2 2 _
R A L R r )| /g )




and
o = i [Vi * Ty - Tell)/Mi] (8)

so that wW/k; = 0(Te /Mi)l/z, too fast to couple to the drifting
ions. A similar statement holds regarding the effect of these
electrons on the firehose condition, B2 + 4#(?1 - P") > 0.

2. BALLOONING MODES

The maximum g achievable is thought to be limited by bal-
looning modes satisfying an eigenmode equation derived from a
large~aspect-ratio expansion of the guiding-center energy prin-
ciple [8,9]. For a tandem with TB's the parameter space avail-
able has six degrees of freedom: the field line coordinates ¥
and 9, the angle specifying the orientation of the wave vector,
and the values of §8 in the central, yin-yang, and barrier
cells, B, 3p, and Bp, respectively. The lowest eigenvalue
w& lies near the surface in the symmetry plane, and has only
Y displacement, satisfying

2 Tr¢a(Pl + P")

a 20 o], [282, 4 ]
iz o2 dz o vz" B 57 RKylfV=0, (9)
A

vhere &2 is the flux-surface ellipticity, K, is the normal cur-
vature, and QB=2 = 1 + 4m(p - P”)/Bz. The parameter space
is that of the B8's only.

The effect of the various terms in Eq. (9) on stability
can be seen in the variational form )

2 (P, + P,)
Pafar | G (R) o | |
, 2 \d=z

57 4n¢V2
B

B .

The first term, the line bending/stretching term, is positive-
definite and stabilizing. If &% < <1 anywhere along the flux
tube, dV/dz can be large (the flux tube can bend and stretch)
without a large stabilizing effect. The second term is local-
ly stabilizing or destabilizing, depending on the sign of K.
If regions of positive and negative curvature are separated by
a region of €2 << 1, the mode can localize to minimize good
curvature and maximize bad curvature, having only a small ex-
penditure of bending/stretching energy.

Eigenmodes having just such a structure are found in num-
erical solutions of Eq. (9). An example is shown in Fig. 4a,
where plots of the two terms in the integrand of Eq. (9) are
superimposed on one of the eigenmode amplitude.

The calculated stability boundaries for MFTF-B,
min w§ = 0, are shown in Fig. 4b for two values of Bp,.

The system is stable (unstable) to the left (right) of each
curve.,
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FIGURE CAPTIONS

Schematic diagrams of (top) the MFTF-B and (bottom)
the TMX Upgrade magnet configuration. For simplic-
ity two circular coils are not shown on the TMX-
Upgrade.

Profiles of magnetic field B, potential 6, and den-

- sity n vs z for barrier/plug end-cell with sloshing

ions.

Axial profiles of density and magnetic field for
sloshing-ion example. E(inj) = 80 keV, R(inj) = 2.5
at 125 cm, R, = 4, potential = 40 kV, Tep = 40

kev, and T. = 15 TeV.

Vs v”-distributions at the midplane of example a.

Stability boundary for ion-ion, Rew = 0 mode for a
distribution modelling the Fokker-Planck solution.
Percents refer to hot-electron fraction in MFIF-B.

Axial structure of a typical ballooning eigenmode in
a tandem with A-cell thermal barriers. Plots of the
line-bending and curvature coefficients are also
shown.

Ballooning-mode marginal-stability boundaries in a
tandem with A-cell thermal barriers for two
different values of By,
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Schematic diagrams of (top) the MFIF-B and (bottom)
the TMX Upgrade magnet configuration. For simplicity
two circular coils are not shown on the TMX Upgrade.

Profiles of magnetic field B, potential §, and den-
sity n vs z for barrier/plug end-cell with sloshing
ions.
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Fig. 2a. Axial profiles of density and magnetic field for
sloshing-ion example. E(inj) = 80 keV, R(inj) = 2.5
keV, and T, = 15 TeV.

Fig. 2b. v, vy-distributions at the midplane of example a.
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Fig. 3. Stability boundary for ion-ion, Rew = 0 mode for a
distribution modelling the Fokker-Planck solution.
Percents refer to hot-electron fraction in MFTF-B.
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Fig. 4a. Axial structure of a typical ballooning eigenmode in
RE a tandem with A-cell thermal barriers. Plots of the
line-bending and curvature coefficients are also
shown.
Fig. 4b. Ballooning-mode marginal-stability boundaries in a

tandem with A-cell thermal barriers for two different
values of By,



